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In classical theorems on convergence of Gaussian quadrature and Lagrangian
interpolation for a weight du{x), an important role is played by infinitely differen-
tiable functions G(x), satisfying G®’(x)>0, xesupp[dn], n=0,1,2,.., and
vf‘fac G(x)dou(x)<oo. When da(x)=exp(—20(x))dx, where Q{x) is even and
positive for large |x|, and Q' and Q" satisfy mild restrictions, it is shown G(x) can
be taken to be an even entire function growing like exp(2Q(x))/¥{x) as x— o,
where Y{x)=x'** or Yy(x)=x(log x)' ** or ¥(x) = x(log x)(loglog x}' ** and so on,
for some ¢>0. In particular the results are valid for Q(x)=|x|% A> 0. Further,
functions F(x) are obtained which are absolutely monotoie in (— o0, 0), completely
monotone in (0, co) and have prescribed singular growth at 0. The latter functions
play a role in convergence of Gaussian quadrature for singular integrands.  © 1986
Academic Press, Inc.

1. INTRODUCTION

Let do(x) be a nonnegative mass distribution on the real line whose sup-
port contains infinitely many points. Let Q,(dx; f) denote the Gauss
quadrature rule of order n associated with dx. The following result of
Shohat (see Freud [2, p. 93, Theorem 1.6]) is classical.

THEOREM. Let do(x) be the unique solution of its Hamburger moment
problem. Let f be Riemann—Stieltjes integrable with respect to du over each
finite interval. Assume further there exisis a function G{x), x € R such that

G(Zn)(x)>0, XE R, i’l:O, 15 29"" (1>
jw G(x) da(x) < o0, (2)
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and

Jim f(x)/G(x)=0. 3)

Then lim,, , ., Q,(dw; f)=[*, f(x)da(x).

A similar theorem [2, p. 97, Theorem 2.1] holds for mean convergence
of Lagrange interpolation at the zeros of the orthogonal polynomials for
do. Esser [1] noticed that (3) can be replaced by

lim sup | f(x)|/G(x) < . (4)

|x] = oo

The dominating functions G also play a role in convergence of product
integration rules based on Gauss quadrature abscissas [9], and functions
G with the property (1) are useful in studying convergence of Gauss
quadrature for singular integrands [8].

Recently, there has been much interest in orthogonal polynomials for
weights on the whole real line (Nevai [10]). Freud was the first to consider
such weights in detail, and typically [3,4], he investigated weights
do(x)=exp(—20Q(x)) dx, where Q(x) was positive and even, and Q' and
Q" satisfied mild restrictions. In view of the current interest in Freud’s
weights, it seems desirable to know what order of growth of G is possible in
Shohat’s theorem and thereby to replace the implicit conditions (1), (2),
and (4) by a more explicit condition on f.

In this note, we show that for Freud’s weights, G(x) can be taken to be
an even entire function growing as x — oo like exp(2Q(x))/(x), where for
arbitrary ¢ >0,

Yx)=x'"*  or  Y(x)=x(logx)' ** )
or  Y(x)=x(log x)(log log x)! ¢,

and so on. This is “best possible” in the sense that we cannot allow =0,
for else [*_ G(x)doa(x)=oco. Hence for Freud’s weights, one can replace
(1), (2), and (4) by

Jim_f() exp(—20()) p (1) =0,

where /(x) is as in (5). In particular, this is true when Q(x)=|x|% i>1.
Although our entire functions G(x) exist if Q(x)=|x|* 0<Ai<1, the
moment problems for the corresponding weights are indeterminate and
Shohat’s theorem is false (see [127). We note that for the Hermite weight,
the G’s here substantially improve on those in Freud [2, Table, p. 96] and
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on the growth allowed on f'in Uspensky [13, p. 5597, but are the same as
those in Shohat and Tamarkin [12, p. 122].

DerINtTioN.  Let dx(x)=0 in R with j dx(x)<cc. Let there exist
0< 0 <t and A4, B> 0 such that 2'(x) =exp(—2Q(x)), |xi = 4, where Q{x)
is even, positive and Q’(x) is absolutely continuous for |x! > 4. and

Q'(u)>0, uz A, {6)
—0<uQ"(u);Q'(u) < B, u= A (7

Then we shall call dx(x) a Freud weight. If further, 0”(x) is absolutely con-
tinuous for |x| = A4, while

W QMu)/Q )< B,  uzA (8)
then we shall call dx(x) a smooth Freud weight.

Note that (6), (7), and (8) hold if Q(x 2>0. We shall use the
usual 0. O, ~ notation. Thus, for cxample h(.\)~g(x } 1f there cxist
positive €, and C, such that C, <h(x)/g(x) < C, for the relevant range of
X.

Our main result is

TarorREM 1. Let da(x) be a Freud weight. Let

¥ (r)=r'(log r)” (log log r)* (log log log r)“...., (8)

Jfor large encugh r, where a, b, ¢, d...., are arbitrary real numbers of which at
most finitely many are nonzero. Then there exists an even entire funciion
G(x) satisfying

G (x) =0, xeR,n=0.1,2,., (10)
and

G(r)y~exp(2Q(r))iy(r), r— . (1

CoroLLARY 2. Let da(x) be a Freud weight. Let ¢ >0 and let

ylry=r'""  or  Y(r)=rilogr)''”
or Y(r)=r(log r}(loglogr) '©

(12)

and so on. Then there exists an even entire function G(x), satisfying (10),
(11), and 7, G(x) da(x) < .
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Remarks. (a) Theorem 1 is related to Levin’s result [7, pp. 90-93,
Theorems 1, 2] on the existence of entire functions with given proximate
order. Levin’s results are less precise than those here (and his functions do
not have property (10)) but his restrictions on the proximate order are
weaker than the corresponding assumptions on Q above.

(b) The asymptotic formula (11) with y/(r) =1 shows that in crude
estimation of the Christoffel functions, or the largest zeros of the
orthogonal polynomials, for a Freud weight, we may replace the weight by
the reciprocal of an entire function.

Recall that F(x) is absolutely (completely) monotone in a set S if
F™(x)=0 ((—1)" F"(x)=0), xe S, m=0, 1, 2,.... We prove also

THEOREM 3. Let zeR. For small enough positive u, let
$(u) =u‘ [log u|® |log |log u| |° |log |log [log u] | |%,.., (13)

where a<0 and b, ¢, d,..., are arbitrary real numbers of which at most finitely
many are nonzero. Then there exists a function F(x) absolutely monotone in
(— o0, z), completely monotone in (z, ) and such that, as x — z,

F(x)=¢(|x—z|){1+ O(llog |x —z| | 7 (log [log |x —z| [)**)}. (14)

COROLLARY 4. Let da(x)=0 in R with {®_ du(x)<co. Let zeR, and
assume o' (x)~1 near z. Let O<e< 1 and

pw)=u"'""  or  Pu)=u""|logul "*+*

or (15)
¢p(u)=u""llog u| ™" |log [logu| |77

and so on, for small enough u. Then there exists a function F(x) absolutely

monotone in (— o0, z), completely monotone in (z, ), satisfying (14) as

x—z and [*  F(x) du(x) < o0.

Remarks. (a) Functions such as ¢(u)=|u| ! |logul 1+ are
absolutely (completely) monotone in a left (right) neighbourhood of 0, but
not in (— o0, 0)((0, c0)). Hence Theorem 3 is not entirely trivial.

(b) Corollary 4 is useful in determining what sort of singular growth
of a function f is permissible, if convergence of (modified) Gaussian
quadrature rules is to be maintained—see Lubinsky and Sidi [9,
Definition 3.3, Theorem 3.5].

(c) We shall deduce the above results from Theorems 5 and 6, which
are stated below. First, however, we need some notation. Throughout let u,,
be defined by
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1, = jw du(x), n=0,1,2,..

—cC

If du(x) is a Freud weight, these moments all exist (see Lemma 7(v)). For
large enough positive x, we let g, denote the unique positive root of

4:Q'(q)=x (16)

and for all other x, we take g, = A. Freud introduced ¢, and noticed its
significance [3, 4]. It follows from (6) and (7) that lim, , . g, = oc while
limsup, , . O(¢,)/n< o (see Lemma 7(vii), (viii)). Hence

Golx)= 3 (x/4,)" n~ " exp(20(g,) (17)

o=

is an entire function. It also obviously satisfies (1).

THEOREM 5. Let da(x) be a smooth Freud weight. Then

() o =27"2g2" L exp(—20Q(q,))n " T(q,)
x {1+ 0(n""* (logn)**)}, (183

as n— o0, where

T(x)=1+x0"(x)/Q'(x),  |x[=4, (19}

and
0<1—-0<T(x)<1+B, |x] = A. (20)
(i) Golr)y={nT(r)}'? exp2Q(r)){1 + O(Q(r) "* (log r)**)}  (21)

as v — 0.

THEOREM 6. Let du(x) be a Freud weight. Then
() pan~gi ' exp(=2Q(g,)) ™12 n— oo, (22)
(i1} Golr)~exp(20Q(r)), r — co. (23)

It seems noteworthy that for general weights dx, with unbounded sup-
port, and for which all moments are finite, we can define

G(x)= Z inS‘rz/.“Zn,
n=0
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where {s,) is any sequence of positive numbers satisfying 3%, s, < .
Then G(x) satisfies (1) and [, G(x) de(x) is finite, but only crude bounds
can be found for the asymptotic behavior of G, without further information
on do.

2. PROOF OF THEOREM 5 AND 6

The proofs use a version of Laplace’s method applied by Hille [6, p. 183,
Lemma 14.1.1] in estimating certain entire functions. One cannot directly
apply the usual Laplace method (Olver [11]) because some quantities
appear implicity in the integrals below, rather than explicitly as required in
[11]. We shall concentrate on the proof of Theorem 5 and point out the
modifications needed for Theorem 6. First, however, we gather some con-
sequences of (6)—(8). Throughout C,, C,,.., denote positive constants
independent of # and x.

LeMMA 7. Let da(x) be a Freud weight. Then
(i) 0<1-0<T(x)<1+B,|x| =4, that is, (20) holds.

(i) (d/dx){xQ'(x)}=0Q'(x) T(x)>0, x> A. (24)
(iil) g%/q.=1/{xT(g.)}, 9. > 4. (25)
(iv) Cix ’<Q(x)<Crx% x> A (26)
(v) C3x'?<O(x)<Cux'T8 x> A. (27)
(vi) Q(x)~xQ'(x), x > co. (28)
(vil) lim sup Q(q,)/x < co. (29)
(viii) Csx"1+®<q, < CexV9, x> 0. (30)

(ix) If w>1, then uniformly for | <v<w,
Q'(vx)~Q'(x), . |x|=A. (31)
(x) For large enough r, 4o,y =T.
(xi) If also do(x) is a smooth Freud weight, then
(d/dx){T(q)}=0(x""), x— oo, (32)

and

(dldx){q./g.} =0(x"2),  x—o0. (33)
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Proof. (i) This follows directly from (7) and (19).
(11} This follows from (6), (19), and (20}.
(1} Differentiating (16) yields
7:0'(¢.)+4.0"(q) ¢. =1
so that by (16),
9.x/q.+ {x/Q'(q.)} Q"(g.) g =1,
=q.x/q.{1+0"(q,) 4./Q'(g.)} = 1,
and (25) follows.
(ivy Now by (7), for u> A4,
—0/u<Q"(u)/Q'(u) < B/u.
Integrating from A4 to x yields
— 8 log(x/4) <log(Q'(x)/Q'(A4)) < Blog(x/4),
and (26) follows.
(v) This follows by integrating (iv), and as Q(x)> 0, x> A.

X

(i) Q00— Q(A) = QW< (1-6)" | Q') T(w) du (by (20))

=(1-0)""{xQ'(x)— 4Q'(4)}
by (24). Similarly (20) yields
O(x)— Q(4)= (1+ B) ' {xQ'(x) — AQ'(4)}
and {28) follows.
(vii) By (28) and (16), Q(g.)~q.Q'(q.)=x.
(viii} By (16) and (26), for large enough x,
x=q,0(q.)<Crq"!

which yields the left inequality in {30). Similarly we obtain the right
inequality.

(ix) We see (compare [4, p. 227) that

0/(6x)/Q/(x) = exp ( [ 0"wyorw du) <exp (B [ du/u) <w?,

by (7). Similarly for the lower bound.

(x) Now ¢,0nQ'(q,0n)=rQ’(r), by (16). As (16) has a unique
solution for large x, the result follows.
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(xi) A straightforward calculation and (25) shows that

d 1 (q.0"(q,)  ¢20"(q,) [4.0"(9)Y
£ (Mg} = - .
ax (1)) xT(qx){ 0@ T 0@ ( 04, )}

Then (7), (8) and (20) yield (32). Further (25) and (32) then yield (33). |

Proof of Theorem 5(i). Let v,,=[* x> du(x), n=0, 1, 2,... We see
that

Pon— Vo =2 LOO exp(g(n, u)) du, n=0,1,2,.., (34)

where
g(n, u)=2nlogu—20(u), uz A (35)

Let ' denote differentiation with respect to u, for n fixed. Then using (16)
and (19),
g'(n,u)=2nfu—20"(u);  g'(nq,)=0. (36)
g'(mu)= =2n/u>—2Q"(u);  g"(n,q,)=—2nT(q,)/q;.  (37)
Next, let K be a positive constant, and

.= q.(K(logn)/n)"?,  n=1,2,.. (38)

At this stage of the proof, we shall drop the subscript » from #,, and ¢, for
notational simplicity. Let |v —q| <# =o0(q). By (37),
" " -2 -2 q o
&', 0)—g"(n, )= —2n(v?— g ) +2 [ Q"(u) du
=0(mn|v—ql¢>)+0(lv—q| Q'(9) g7?)
(by (8) and Lemma 7(ix))

= O(nnq %), by (16).

Hence, by the second part of (36) and by Taylor’s formula about u=gq,
there exists v between u and ¢ such that

g(n, u)—g(n, gy=(u—q)*g"(n, v)/2
= —nT(q) ¢ Hu—q)*+0(m’q™>), |lu—gql<n,
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by the second part of (37). We deduce that

r o exp(g(n, u)) du

=exp(g(n, q)) qu" exp(—nT(g) g~ *(u—g)*) du{l+ O(nn’g %)}

=4 eXp(g(n, q))(ﬂ/{nT(q)})l/z{i + 0{n~1/2(iog Yl)3’/2}
+O(exp(— (1 =) Klog n)/(log n)""*)}. (39)

Here we have used the left inequality in Lemma 7(i}, the definition (38} of
1, the substitution x = (nT(q))"* g~ '(u— q), as well as

jra exp(—x)dx=n'"+0(a ' exp(—a’)), a— co.

—a

We next bound | = xp(g(n, u)) du. It is noteworthy that the proof below
can be greatly simplified if Q"(x)>0. Now by (16), (35), and (36),

g w)—g(n, q)= =2 [ v {rQ (1)~ 40'(9)) v

9

=2 f O'(x) T(x) dx do (by (24)),

q

i

2 [ 0/ (x) T(x) log(u/x) dx, (40)

9

by changing the order of integration. We split the range [g+#, c0) into
I=[g+mn3g] and J={[3q, o). First, for xec], g~u. Then Lemma 7(i}
and (ix) show Q'(x)~Q’(q) and T(x)~1 uniformly for xelg, uj. As
log(u/x) >0 in (40), we have for uel,

gl 1) — g(n, )< — C,0'(g) [ log(w/x) dx

9

g+n/2
—C0(g) | oal(g + (g +n/2) dx
{asuel=uzqg+n=2q+1/2)

— C4(n/g)(n/2)(n/(3q}), for large n.
(by (16) and the inequality log(1 + u)<wu, u>0)

— CyKlogn, for large #,
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where Cy is independent of #n and K. We deduce that
L exp(g(n, u)) du<exp(g(n, q)) n~ “*(2q). (41)
Next, for ueJ, Lemma 7(i) and (iv) and (40) yield

gln,u)— g(n, g)< ~2(1=0) C, | x~*log(u/x) dx

q

2u/3
< 2(1-6)C, j/} u=%log(3/2) dx < —Cou .

Hence,

L exp(g(n, u)) du <exp(g(n, q)) f:o exp(— Cou'~?) du

= O(exp(g(n, q)) exp(—Coq" ~?)).

Then if K is large enough, (41) and the fact that ¢ is of polynomial
growth (Lemma 7(viii)) yield

[ exp(g(n, u) du=o(gexp(gln, ) n~(logn?).  (42)

q+n

Proceeding similarly, we obtain an analagous estimate for
f‘j{" exp(g(n, u)) du. Finally (34), (35), (39), and (42) yield for large
enough X,

Han— Vo= 242" " exp(—20(q.))(m/{nT(q,)}) *{1 + O(n™"*(log n)**)},

where we have restored the subscripts. As v,, = 0(4>"), (18) follows. ||

Proof of Theorem 6(i). The only parts of the proof of Theorem 5(i) that
need to be modified are those where Q" was used. Hence we see (34)—(38)
and (40)-(42) hold as before. We need estimate only fgj:’, exp(g(n, u)) duin
a different way, as Q" was used in estimating g”(n, v)—g"(n, q). Now (7),
(16), and (37) yield, for |v—q| <n,

g"(n, v) < —2n/v? 4+ 200Q'(v)/v
= —2nv 2 {(1-0)—0n~"(vQ'(v) — ¢Q'(9))}

onp? {(1 —0)—Gn~ j 0'(x) T(x) dx}

q
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(by (24))
= ~2n0 {(1-0)+0(n" 'nQ'(g))}
{by Lemma 7(i) and (ix))
= —2nv " *{(1 — 0) + O(n~*(log n)"?}}
(by (16) and (38))
< —Cyong
Similarly, g"(n, v) > —C,;nq % |v—q| <n. We deduce that for |u—g| <n,
—Cyng*(u—q)* < gn, u)— g(n, q) < —Ciong~*(u—q)™

Hence, [¢*7exp(g(n, u)) du~exp(g(n, q)) gn~ "% Proceeding as before, we
obtain (22). §

Proof of Theorem 5(ii). Let
h(ra u):Zu log(r/qu)—*—z'Q(qu)_‘ (IOg u)/Z, u>0a (43}
so that, by {17),

o<

Go(r)= Y, exp(h(r, n)). (44)

n=0

We shall first estimate {3 exp(h(r, u)) du, where D is large enough for (25),
(30), (32}, and (33) to hold for all x> D. Let ' denote differentiation with
respect to u for fixed r. Using (16), we see

KW (r, u)=2log(r/g,) — 1/(2u), uzDb, (45)
and (25) shows
h'(r,u)==2/{ul(q,)} +u"?/2, u>D. (46)
Now fix »> 0, and let y be the root of
R (r, ) =0, (47)
which by (45) is equivalent to

r=gq,exp((4y)") (48)
=q,+4q,/(4y) + O(q,/y*), y — . (49)
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Now #'(r, D) >0 for large r, while 4'(r, c0)= —o0. Hence y exists. Further
(46) and Lemma 7(i) show A"(r,u)<0 for large u so that A'(r,u) is
decreasing for large »—hence y is unique for large r. We next compare the
values of some functions at r and g¢,, noting that r—q,=0(q,/y) = o(q,)-
Now (7) and Lemma 7(ix) show

0'(r)—0Q'(g,)=] 0"(n)du

=0(Ir—q,1 Q'(3,)/4,)
=0(1/g,)=0(r""), (50)

by (16). Further for some & between r and g,,
0(r)— 0(g,)=(r—q,) Q'(g,) + (r—q,)* "(£))2
={g,/(4)+0(q,y )} y/a,+O(g;y~*) O(Q'(¢,)/q,)
(by (49), (16) and (49), (7))
=+0(y ), (51)

by (16). Next, by (16), (49), and (50),
y=4,0'(q,)={r+0(q,/y)} Q'(q,)
=r{Q'(r)+ 00 )} +0(1)
=rQ'(r)+ O(1). (52)
In particular, by Lemma 7(vi),
y~rQ'(r)~Q(r). (53)
Next by (43),
h(r, y) =2y log(r/q,) +20(g,) — (log »)/2
=1+2{Q()—5+0(y ")} —(logrQ'(n))2+ 0(y~")
(by (48); (51); and (52), (53))
=20(r)—(log rQ'(r)2+ O(y ). (54)
Now let

w=w(y)=(Kylog y)"?, (55)
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where K is some large positive constant. Further, let v — y| <w. Then by
(52), v—rQ'(r)= O(w)=o0(y). Hence (46) with u=rQ’'(r) and Lemma 7{x}
yield

rQ'(ry d
h'{r,v)= =2/(rQ'(r) T(r))+2j o {1/(xT(g.)} dx+v72)2

= =2/(rQ' () T(r)) + O(wy™%),  [v—yl<w, (56)

by (32). Expanding A(r, u) about u= y and using (47), we see there exists v
between u and y such that

h(r, u)=hir, )+ (u—y)* h"(r, v)/2
= h(r, y)—(u—y)/(rQ'(r) T(r)) + O(w’y 72, lu—yl<w.  (57)

Then, as in the proof of Theorem 5(i), and using (53}, (55), and (57) with
K large enough,

r}f—#w
! exp(h(r, u)) du

y—u

= {mrQ'(r) T(r)} " exp(h(r, p)){1 + O(Q(r) ' (log Q(r))*?)}
= {nT(r)}? exp(2Q(r) {1+ O(Q(r)~ ' (log r)*?)}, (58)

by (54), (53), and as Lemma 7(v) shows log Q(r)~logr.

We next estimate |°, , exp(h(r, u)) du. Now A"(r, u) <0 for large u, by (46)
and Lemma 7(i). So for large r, and for u> y, #'(r, u) <0 and both A'(r, u)
and A(r, u) are decreasing. Further Lemma 7(vii) and (43) show that
lim, _, . A(r, u)= —oc0. Then

exp(h(r, u)) du< JOO exp(hlr, u}) A'(r, u)/W' (v, y+w) du

Yy+ow y+w

= —explh(r, y+w))/h'(r, y+w) (59)

Now, as #'(r, u) is decreasing, and negative for u> y,

hr, y+w)—hir, ) <(/2) H'(r, y +w/2). (60)

Further, if ¢ >0, (45) and (46) yield
K(r, y+cw)=2108(9,/q, 1 o) + 2108(r/q,) — 1/(2(y + cw}))

= 2" (uT(g.)} " du+ 0(1)y)

y
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(by Lemma 7(iii), (48), and as w=o0(y))
< —2ew)(y+ew) 11+ B) "1+ O(1/y) < —Cppwfy,
by Lemma 7(i). Applying this last inequality to (59) and (60), we obtain
[ exp(h(r, u)) dus Craexplh(r, )~ Cw?iy)yw).  (61)
y+w

Proceeding similarly, we obtain a similar estimate for {4~ * exp(h(r, u)) du.
If we choose K large enough, (54), (55), (58), and (61) show

J * exp(h(r, w)) du= {nT(r)} ' exp(20(r)) {1 + O(Q(r) ~** (log r)?)}.
i (62)

Finally, as A(r, u) increases for ue [ D, y] and decreases for ue [y, o), we
see from (44) that

Golr)=] " expli(r, w)) du + O(exp(h(r. ).

Together with (62), this yields (21). |

Proof of Theorem 6(ii). The only parts of the proof of Theorem 5(ii)
that need to be modified are those where Q" was used. Hence we see that
(43)-(55) and (59)—(61) hold as before. We need modify only (56) to (58)
as Q" appears in (d/dx){T(q.)} (see (56) and the proof of Lemma 7(xi)).
Now if |v— y| <w, Lemma 7(i), (46), and (53) show

h(r, v)~ =1fv~ =1y~ =1/(rQ'(r)).
Then (57) must be replaced by

= Cis(u—y)’/(rQ'(r) < h(r, u) — h(r, y) < = Cys(u— y)*/(rQ'(r)),

where C5 and C,4 are independent of r and u. Then instead of (58), we
obtain
I

y—

" exp(h(r, u)) du~exp(h(r, Y))(rQ'(r))* ~exp(20(r)

and the proof is completed as before. ||

Remark. T weset Go(r)=n""23_o(x/q,)"(nT(q,))~*exp(20(g,)),
rather than defining G, by (17), then we may remove the “nuisance factor”
(zT(r))"* in (21). However, we would then need the existence of 0¥, Q.
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3. PROOF OF THEOREMS | AND 3

To prove Theorem 1, we shall apply Theorem 6(ii) to a suitable Freud
weight, and to prove Theorem 3, we shall apply Theorem 5(ii) to a suitable
smooth Freud weight, after a simple transformation.

Proof of Theorem 1. Let y(r) be as in (9), with at most finitely many of
a. b, ¢, d,.... nonzero. Let

Q*(r)=Q(r)— (log Y(r))/2, rz A, (63)
and

da*(x)=cxp(—2Q*(Ix[)) dx,  |x;=4. (64)

We may assume that 4 is so large that (r) is infinitely differentiable for
r=A. By (9), (28), and (63),

dQ*
dr

(r)=0'(r) + O(1ir)

=Q'(N{1+0(Q(r) )},
while (d*Q*/dr*)(r)= Q"(r)+ O(r~*). Then by (28) and (7),

d * idO*
g ) C (0= Q)+ 0(1/Q(r)
(<B+o(l)
> —0+o(1)

[t follows that Q* satifics (6) and (7) with A4, B, 0 slightly larger than the
corresponding quantitics for 8. Hence dx* is a Freud weight, and (23)
shows

G o-(r)~exp(2Q*(r)) = exp(2Q(r))/y(r). |

Corollary 2 follows from Theorem 1 as
| drpiry < ., (65

if Y(r)is given by (12). We remark that one can choose more general ¥ (+)
than those in (9) or (12). For the conclusion of Theorem 1 to hold, we
rcally only need y'(r) to be absolutely continuous for large r, with
Y(r)ig(ry and rg”(r)/(r) and r(y’'(r)ip(r))? all o(1/Q'(r)) as r — 0. For
the conclusion of Corollary 2 to hold, one wouid require, in addition, (65}
to hold. Before proving Theorem 3, we need

640,46 3.7
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LemMmA 8. Let G(x) be absolutely monotone in (0, o). Let

p(x)= —log(|x|/(1+]x])),  xeR\{0}, (66)
and
F(x) = Glp(x)), xeR\{0}.

Then F(x) is absolutely monotone in (— o0, 0) and completely monotone in
(0, c0).

Proof. Since p is even, and hence F is even, it suffices to prove complete
monotonicity of F in (0, o). Now p(x) maps xe (0, c) onto pe (0, o).
Further

PPy = (=D k=D (x *~(1+x)7*),  xe(0, o),

so that p is completely monotone in (0, o). Next, by the formula for
higher derivatives of a composite function [5, p. 19, No. 2 of 0.430],
applied to F(x)= G(p(x)),

d"F(x) n! d"G(p) (' (p"Y (™" [P\
dx" ”Zizﬂh!---k! dp™ (1!) (21) <3z> < I ) ’
where the sum is over all solutions in nonnegative integers of the equation
i+2j+3h+ - +lk=n and m=i+j+h+ - +k Now G™(p)=0,
m=0,1,2,.., while (p") (p”)’ (p”)"--- (p"”)* has sign (— 1) *¥+¥+ k-
(—1)", as p is completely monotone. So all terms in the sum have sign
(—1)" and F is completely monotone in (0, c0). J

Proof of Theorem 3. We may assume z=0; the general case follows
from replacing F(x) below by F(x—z). Let

Q(x)= —(3){ax—blog x —cloglog x — dlog loglog x — -},

for large positive x, where a, b, ¢, d,.., are as at (13), and let dua(x)=
exp(—2Q(|x|)) dx for large |x|. It is easy to see that Q satisfies (6), (7), and
(8) as a <0, and hence du(x) is a smooth Freud weight. Further from (19),
we see T(r)=1+0O(1/r) while Q(r)~r as r— co. Then Theorem S5(ii)
shows, as r - o0,

Go(r)=n"7exp(20(r)){1 + O(r~?(log r)**)}. (67)

Next, from (17) we see G, is absolutely monotone in (0, c0). Let
F(x)=n""Gy(p(x)), where p(x) is as in (66). By Lemma 8, F is
absolutely monotone in (0, o). Finally

p(x)=llog [x|[+O(]x]), x—0,
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so by (13), (67), and as Q'(x) 1s bounded for large x,

Flx)=exp(2Q(llog |x| ) + O(Ix)){1 + Otliog |x| | "' * |log {log |x!1**}}

=¢(x){1+O(|log |x|| "*|log llog [x[{I**)}, x—-0. |}
Proof of Corollary 4. Since a'(x)~ | near z we have for suitable smal] 3,

7 Ry~ ) du<

Yr—0o

by (14) and (15). Further F(x) is bounded in {—o0,z—4) and in
(z+9, oc). so that [*, F(x)da(x)<x. |

We remark that, as after the proof of Theorem 1, we may allow more

general ¢ than those given by (13) or (15).

Note added in proof. Extensions of the results here to ( of nonpolynomial growthr will

appear in the Proceedings of the Lagucrre Symposium at Bar-le-Duc. Springer, 1985.

n
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